The transport and distribution of charged molecules in polyelectrolyte solutions are of both fundamental and practical importance. A practical example, which is the specific subject addressed in the present paper, is the transport and distribution of charged species into cartilage. The charged species could be a contrast agent or a drug molecule involved in diagnosis or treatment of the widespread degenerative disease osteoarthritis, which leads to degradation of articular cartilage. Associated scientific issues include the rate of transport and the equilibrium concentrations of the charged species in the cartilage and the synovial fluid. To address these questions, we present results from magnetic resonance micro-imaging experiments on a model system of articular cartilage. The experiments yield temporally and spatially resolved data on the transport of a negatively charged contrast agent (charge = -2), used in medical examinations of cartilage, into a polyelectrolyte solution, which is designed to capture the electrostatic interactions in cartilage. Also presented is a theoretical analysis of the transport where the relevant differential equations are solved using finite element techniques as well as treated with approximate analytical expressions. In the analysis, non-ideal effects are included in the treatment of the mobile species in the system. This is made possible by using results from previous Monte Carlo simulations. The results demonstrate the importance of taking non-idealities into account when data from measurements of transport of charged solutes in a system with fixed charges from biological polyelectrolytes are analyzed.
Introduction 1 complex will, due to its negative charge, distribute in an inverse relation to the GAG 23 content of the cartilage. This means that where there is a high concentration of GAG, 24 indicating a healthy cartilage, there will be a low concentration of contrast agent, and 25 vice versa. Therefore, a measure of the concentration of the Gd(DTPA) 2 - , and 26 consequently a proxy for the GAG content of cartilage, is obtained by measuring T 1 of 27 the water. In passing, we note that the dGEMRIC method is used both in vitro and in 28 vivo [5, [7] [8] [9] [10] [11] [12] . The method has found most of its applications in in vitro studies and this 29 will most likely continue to be the most important application.
30
dGEMRIC is dependent on the transport of Gd(DTPA) 2 -from the site of the 31 injection to the joint of interest, and, subsequently, on the diffusion controlled transport 32 into cartilage, since cartilage lacks direct blood supply. It is therefore important to 33 understand the physiochemical mechanisms that govern the transport and partitioning 34 of Gd(DTPA) 2 -in cartilage. The transport of the contrast agent will, for example, be 35 affected by the chemical potential difference between the cartilage and the synovial fluid 36 and, in this respect, the FCD of the cartilage plays an important role. Furthermore, the 37 transport will be affected by the amount of collagen and glycosaminoglycan on account 38 of steric effects [13] [14] [15] [16] [17] . This is an example of the general and important problem of 39 diffusion of small molecules in a complex micro-heterogeneous environment, where 40 crowding and excluded volume effects as well as electrostatic effects are important. The 41 results presented here are therefore applicable to a wider class of related problems than 42 just issues dealing with cartilage.
43
A previously developed magnetic resonance micro-imaging (µMRI) setup for the 44 investigation of features related to the dGEMRIC method in a model system of 45 cartilage was used to investigate the questions raised above under controlled 46 conditions [18] . The µMRI setup gives spatially and temporally resolved information on 47 the transport of Gd(DTPA) 2 -in the model system, which is designed with the goal of equations describing the transport of ionic species in our system. Since previous studies 54 have shown that ions in cartilage do not behave ideally [19] [20] [21] , the influence of 55 intermolecular interactions are included in the theoretical work presented in this paper. 56 This is made possible by comparing the obtained data with previous Monte Carlo 57 simulations on the model system [21] . Furthermore, the low concentration of 58 Gd(DTPA) 2 -makes it possible to describe the transport with an approximate analytic 59 solution for a system without boundaries.
60
In summary, our research goal is to address the transport of charged molecules in 61 complex micro-heterogeneous systems and to develop methods where intermolecular 62 interactions are accounted for.
63

Fig 1. Presentation of the experimental and theoretical model systems. (A)
The model system at different times. The polymer is negatively charged. At t < 0 there is thermodynamic equilibrium between the two solutions. At time t = 0, Gd(DTPA) 2 - is added to the salt solution and is allowed to flow over the semipermeable membrane into the polyelectrolyte solution. In the system c Gd(DTPA) [6] . (E) Chemical structure of carboxymethylcellulose (CMC).
Model system
64
The model system is outlined in Fig 1A- C. There is a polyelectrolyte solution at z < 0 65 and a salt solution at z > 0, separated by a semipermeable membrane at z = 0. The 66 charged polyelectrolyte cannot pass through the membrane into the salt solution, which 67 leads to a difference in electric potential on the two sides of the membrane, which in 68 turn will be compensated for by a concentration difference of ions. The following 69 scenario with respect to time, t, is investigated: 3. At t > 0, the Gd(DTPA) 2 -will diffuse into the polyelectrolyte solution.
76
The concentration difference of Gd(DTPA) 2 -between the solutions at t > 0 will 77 lead to transport of the Gd(DTPA) 2 -into the polyelectrolyte solution. Initially, the 78 difference is large and leads to fast transport by mutual diffusion from the salt solution 79 into the polyelectrolyte solution (a flow of Na + and Cl -ions will also occur to maintain 80 the electro-neutrality in the system, which is minor compared to the total concentration 81 of Na + and Cl -ions). As equilibrium is approached, the rate of transport decreases.
82
Since the transport is only driven by diffusion, it will take a significant length of time to 83 reach equilibrium. Recall that the root mean square displacement is proportional to the 84 square root of time for diffusive motion.
85
Theoretical background
86
The basic equations used in the interpretation of the data are presented in this section. 87 The full derivation of the relations used in the Results and Discussion section is 88 presented in the accompanying Supporting Information (SI).
89
The diffusive flux of an ionic species i, J i , occuring during step 3 above, can be 90 described by the generalised Fick's first law (in one dimension):
where D i is the diffusion coefficient and c i the concentration of ion species i, R is the of ion species i, which can, in turn, be expressed by the following equation: 
Moreover, the change of ion concentration with time, t, can be obtained from the 99 equation of continuity:
The electric potential, φ, is related to the charge distribution through Poisson's 101 equation:
where 0 is the permittivity of vacuum, r is the dielectric constant and FCD is the fixed 103 charge distribution, where FCD = 0 in the salt solution (z > 0) and non-zero in the 104 polyelectrolyte solution (z < 0). In the present system, the concentration of
105
Gd(DTPA) 2 -is 2 to 3 orders of magnitude lower than the concentration of Na + and
106
Cl -and, as a consequence, Eq 5 is reduced to:
and the electric potential will thus be approximately constant for t > 0 on account of the 108 fact that the relative changes in concentrations of Na + and Cl -are small at these times. 109 To be able to solve Eqs 3 and 4, µ corr i also needs to be known. It can be estimated by using results from previously made Monte Carlo simulations performed on a system developed to capture the electrostatic interactions in the cartilage/synovial fluid system at equilibrium [21] . In the simulations, the following holds for the two separate solutions, if the electric potential in the salt solution is set as the reference: salt solution :
polyelectrolyte solution : 100-500 Da) was used.
134
Sample preparation
135
The pH of the salt solution (150 mM NaCl) was adjusted to between 8 and 9 by means 136 of drop-wise addition of 1 M NaOH.
137
Magnevistt ® was diluted by the salt solution to a Gd(DTPA) 2 -concentration of 138 0.36 mM. Before use, the pH was adjusted to the same value as in the salt solution.
139
When preparing the polyelectrolyte solutions, the CMC powder was dissolved in the 140 salt solution (150 mM NaCl). Before use, the polyelectrolyte solutions (7 mL) were 
Cl
-concentration could be determined by applying electroneutrality conditions in the 152 solutions. The densities of the solutions were determined by a precision density meter 153 (DMA5000, Anton-Paar). The polyelectrolyte concentration of the polyelectrolyte 154 solutions was estimated to 1.7, 2.2 and 2.5 wt%, respectively.
155
A small piece of the regenerated cellulose acetate membrane was punched out to fit 156 into the sample holder (see Figs 1B and C). Before use, the membrane was, according to 157 instructions from the manufacturer, put in 150 mM NaCl solution (with the glossy side 158 up) to wash out glycerol and to wet the pores. The solution was changed three times 159 during 1 h and thereafter, the membrane was left in the solution for at least 24 h before 160 use.
161
Experiments
162
The bottom section of the sample holder (constructed from polyether ether ketone maximum gradient strength of 3 T m -1 and a 10 mm saddle-coil radio-frequency insert. 190 The measurements were performed using a pulse sequence containing an inversion 
where I 0 is the maximum image intensity, τ is the recovery time delay, and A is a 202 constant, which is less than 2 if the pulse repetition time is less than around 5 times T 1 203 or the inversion pulse is imperfect. Errors representing one standard deviation were 204 obtained by performing Monte Carlo error estimations as described in [23] .
205
The obtained T 1 values were then converted to the concentration of Gd(DTPA) 2 -, 206 c G.
2 -, using the expression:
where R G. The three different images that were taken at the same time point (see above) were 215 visually merged to obtain a larger field-of-view of the system.
216
Assuming that there is no convection in the polyelectrolyte solution, the diffusion 217 coefficients of Gd(DTPA) 2 -in the polyelectrolyte solutions were obtained from fitting 218 the relevant equations to the concentration profiles in the polyelectrolyte solution (see 219 the SI for explanation of the procedure). The data points used in the fit were obtained 220 in a time interval where the influence of the membrane is low and the Gd(DTPA) 2 -has 221 not yet reached the bottom of the polyelectrolyte compartment, i.e. 2.5-6 h.
222
All data processing was performed with in-house written Matlab ® code. 
Numerical Methods
224
Numerical calculations were carried out using COMSOL Multiphysics 
where ∆µ Boundary conditions Electrostatics z = -10 mm dφ/dz = 0 z = d salt φ = 0 Transport of Na + and Cl The boundary conditions used are summarized in 2 -was injected in the salt solution at t = 0 and the data was acquired using µMRI. The (small) decrease of the concentration of Gd(DTPA) 2 -at longer times on the right hand side is due to the finite volume of the salt solution.
Results and Discussion
284
The outline of this section is as follows. We start by presenting and discussing the 285 experimental data obtained, and then proceed to numerically solve the relevant 286 equations describing the data using FEM. Subsequently, we develop approximate 287 solutions that can be used to illustrate how different parameters affect the distribution 288 of ions in the system. Using examples, we demonstrate under which conditions the 289 approximate relations are valid. Finally, we use the approximate relations to determine 290 the diffusion coefficients of the contrast agent in the polyelectrolyte solution. In the 291 interest of keeping the paper short, we delegate derivations to the SI, to which we refer 292 when needed.
293
Experimental data
294
The main experimental results of this study are concentration profiles for Gd(DTPA) respectively. However, there is, as expected, a rapid development of a discontinuity in 305 the concentration at z = 0, although it appears to be gradual in Fig 2 due to the finite 306 resolution of the µMRI method and artifacts due to the presence of the membrane (e.g. 307 uncertain values of relaxivities and T 1pre ). The FEM simulations make it possible to 308 study the discontinuity closer (see below).
309
In Fig 3A, we show the concentration of Gd(DTPA) analyzing the concentration profiles in the salt solution (see Fig 2A and the SI).
318
Furthermore, convection evens out concentration gradients in the salt solution and 319 therefore, the time to reach equilibrium becomes shorter. On account of the geometry 320 (small radius and height) and the position of the sample holder in the spectrometer
321
(where temperature gradients are small), and the fact that the polyelectrolyte is rather 322 viscous, the transport in the polyelectrolyte solution is well described by pure diffusion. 323 In the following sections, we will use relevant theoretical expressions in combination 324 
(see also Fig 4) , at different times for three polyelectrolyte solutions with different FCD. The dashed lines correspond to the individual experiments and the solid lines represent the corresponding mean value of the duplicate experiments. The data are taken from FEM simulations.
with FEM simulations to investigate and rationalize the behavior of the Gd(DTPA)
-
325
with regard to its distribution and transport. The analysis yields physical properties 326 relevant for the system. We note that the approach can be used to predict and 327 understand the transport of ions in general in related systems.
328
Finite element method simulations 329 By solving Eq 3, 4 and 6 numerically, using FEM techniques (as described above in
330
Material and Methods), we are able to predict the experimental results in Fig 2. Using 331 as input the data in Table 1 (and values for the diffusion coefficients for Na + and Cl
given above) and the boundary conditions in Table 2 work [5, 18, 21] .
349
The FEM simulations enable us to study the discontinuity in the concentration at z 350 = 0. In Fig 3D, Motivated by the need to illustrate the influence of the relevant parameters and to carry 361 out rapid and straightforward calculations of the diffusion and concentration profiles, we 362 here develop approximate expressions describing the transport and concentration 363 profiles of Gd(DTPA)
2 -in our model system. Our point of departure is to consider an 364 interval 0 -≤ z ≤ 0 + (see Fig 4) , the size of which is such that we can assume that 365 quasi steady-state conditions apply. This is justified by the fact that the gradient in the 366 concentration at z = 0 adjusts much more rapidly than the variation in concentration 367 over macroscopic length scales outside 0 − ≤ z ≤ 0 + . In the current experiments, this 368 interval is around 10 nm which is orders of magnitude smaller than the dimensions of 369 the macroscopic container (see Fig 4) . Solving Eq 3 with J i = 0 gives (the reader is 370 referred to the SI for details):
is the macroscopic concentration of ion i in the salt solution at z = 0 + . To 372 obtain approximate expressions for the step sizes in potential and concentration 373 between the salt solution and the polyelectrolyte solution, Eq 11 is linearized (see Eq 374 S4). Inserted into Eq 6, this gives the following, approximate expression for the electric 375 potential drop between the polyelectrolyte solution and the salt solution:
where ∆φ is the electric potential difference between the polyelectrolyte solution and the salt solutions, C NaCl,s is the concentration of Na + and Cl -in the salt solution (the small difference in concentration due to the presence of Gd(DTPA) 2 -ions is neglected) and ∆µ corr i is defined above. We note that Ohshima and coworkers have analyzed a system that is similar to ours and present results which are in agreement to those presented here when excess chemical potentials are neglected. [26, 27] By combining Eqs 11 and 12 and linearizing the exponent, we obtain the following approximate expressions for the step in concentration, ∆c i , between the polyelectrolyte solution and the salt solution:
∆c Na + = −C NaCl,s ∆µ corr Na the two solutions can either increase the concentration step, as for Na + , or decrease the 387 concentration step, as for Cl -and Gd(DTPA) 2 -(cf Eqs 13 and Table 1 ). The step size 388 will increase as Gd(DTPA) 2 -reaches the bottom wall of the container, resulting in an 389 increase in C G.
-
, which is the reason for the increasing magnitude of the concentration 390 step size observed in Fig 3D. Additionally, Eq 13 illustrates the fact that the 391 assumption of ∆µ corr i = 0 for all mobile ions, mentioned above, has a substantial impact 392 on the step size at all times (cf. Fig 3C and Table 1 ).
393
We next carry out an approximate analysis of the transport of Gd(DTPA) 2 -. To this 394 end, we solve Eq 13 on both sides of the salt/polyelectrolyte solution interface at z = 0 395 ∂c G.
which is obtained by combining Eq 3 and Eq 4 and is valid outside the interval 0
The term containing the electric potential in Eq 3 can be neglected since the concentration of Na + and Cl -is much larger than the concentration of Gd(DTPA) 2 - resulting in the electro-kinetic transport of the Gd(DTPA) 2 -ions being small compared to the diffusional transport. The concentration difference between the salt solution and the polyelectrolyte solution is approximately given by Eq 13c, which together with the condition that the flux of ions on both sides of z = 0 should be equal, couples the solutions for the polyelectrolyte and salt solutions. The solution to these equations for an infinite system without convection and membrane is given by (see the SI for details):
2 -
where C G.
-
is the concentration of Gd(DTPA) 2 -at t = 0 in the salt solution (z < 0) 396 and D G. are related via Eq 13c, where C G.
From the condition 399 that the flux is equal at z = 0 − and at z = 0 + , the following condition also applies:
where the ratio C G.
2 - shows the concentration profiles using the analytical expressions in Eqs 15 and S18 and 413 how it compares to the simulated values at different times for a low FCD = -50 mM
414
( Fig 5A) , for the highest FCD used in this study, i.e. -108 mM (see Fig 5B) , and for a 415 higher FCD = -150 mM (see Fig 5C) . It can be seen that the approximate analytic 416 expressions reproduce the concentration profiles for values of FCD of -50 mM and -108 417 mM, respectively, but less so for FCD = -150 mM on account of the linearization of Eq 418 S2. We note that for short times (less than 2 h), it is non-trivial to include the effect of 419 the membrane on the distribution of ions in the different compartments (see the SI for 420 further information). The concentration profile in the polyelectrolyte solution starts to 421 deviate considerably from the analytical expressions when the Gd(DTPA) 2 -ions have 422 reached the wall of the container containing the polyelectrolyte solution (not shown). From Eq 15a, it is possible to obtain values of the diffusion coefficient of Gd(DTPA) 2 -426 in the polyelectrolyte solution from the experimentally determined concentration 427 profiles. As outlined in the SI, one has to take into consideration the fact that Eq 15a 428 applies to a system with infinite boundaries and that there is convection in the salt magnitude of FCD. Thus, the values are 91, 87 and 82% of the value in the salt solution 433 for FCD values of -73, -92 and -108 mM, respectively.
434
Conclusions
435
We have combined magnetic resonance imaging results with simulations on a previously 436 developed model system with the aim of studying issues related to early diagnosis and 437 in vitro and in vivo clinical studies of osteoarthritis. The flow of a charged contrast 
